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Abstract. The involutive automorphisms of affine Kac–Moody superalgebras are computed from
Satake superdiagrams corresponding to these algebras. These are then used to furnish a general
treatment of the Iwasawa decomposition of these algebras. In particular, we considerA(1)(0, 1)
andB(1)(1, 1) as representative examples for the purpose of illustration.

1. Introduction

The splendid success of the Kac–Moody [1, 2] algebras in providing a consistent and
comprehensive framework for the development of formal aspects of a variety of theories serves
as a motivating prelude to enhance the scope and range of applicability of these powerful
mathematical techniques by way of exploiting the elegance of the concept of supersymmetry.
It is, therefore, imperative to continue the scheme outlined in earlier investigations [3–5] for
the study of affine Kac–Moody algebras to its supersymmetric version. This paper makes
an attempt to study affine Kac–Moody superalgebras with special reference to the study of
involutive root automorphisms and Iwasawa decompositions. The involutive automorphisms
are obtained by constructing Satake superdiagrams for the affine Kac–Moody superalgebras.
The procedure adopted here is essentially analogous to that of ordinary Lie algebras [5–7] and
Lie superalgebras [4,8–14] in general and affine Kac–Moody algebras [3,15,16] in particular,
for which detailed and rather unambiguous prescriptions have already been outlined elsewhere.
The main ingredients necessary for the evaluation of the involutive automorphisms constitute
the root system and corresponding Dynkin diagrams from which to construct the Satake
diagrams along with their supersymmetric versions. The root automorphisms for the affine
Kac–Moody superalgebras are computed, in precisely the same manner as for the affine Kac–
Moody and Lie superalgebras, with the help of the corresponding Satake superdiagrams for
these superalgebras. These involutive automorphisms in turn provide a consistent framework
to facilitate the Iwasawa decomposition [17] of Kac–Moody superalgebras. While the explicit
individual calculations of the entire proliferation of these algebras constitute a daunting task, we
shall restrict ourselves to the consideration of two representative examples, namelyA(1)(0, 1)
andB(1)(1, 1), to bring out the underlying notions in a unique manner. This choice of the
untwisted versions is, however, dictated by reasons of mathematical simplicity.

The plan of the paper is as follows. Section 2 gives a brief outline of the essential steps
for the construction of Satake superdiagrams from the Dynkin diagrams of affine untwisted
Kac–Moody superalgebras and Iwasawa decomposition of these algebras. All possible Satake
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superdiagrams forA(1)(0, 1) andB(1)(1, 1) along with their root automorphisms have been
computed and their Iwasawa decomposition carried out in detail in section 3. These are listed in
tables 1 and 2, respectively. The structure of the inner automorphism required for the Iwasawa
decomposition of affine Kac–Moody superalgebras is modified keeping in mind that both the
rootsα + nδ and−α + nδ, n ∈ Z+ are positive roots in contrast to the fact that the positive
root of the associated Lie superalgebra is onlyα. The modified inner automorphism and its
properties along with the necessary mathematical formulation for calculating the elements of
the nilpotent subalgebran˜ have been discussed in detail in the appendix. Finally, a discussion
and concluding remarks form the contents of section 4.

2. Satake superdiagrams and Iwasawa decomposition of affine Kac–Moody
superalgebras

We begin this section by taking a look at the untwisted version of the affine Kac–Moody
superalgebras and the construction of Satake superdiagrams.

The automorphisms of a simple Lie superalgebraG have been worked out in detail [3,8–14]
and some of these results can be summarized as follows. Since any automorphism of a simple
Lie superalgebra must respect grading, it will act on the reductive bosonic partG0 of the
Lie superalgebraG as an automorphism of Aut(G0). Explicitly, an even (resp. odd) root is
transformed by an automorphism into an even (resp. odd) root, otherwise grading will cease
to be respected. The same argument can be extended to the affine Kac–Moody superalgebras,
and construction of Satake superdiagrams from Dynkin diagrams for affine superalgebras is
achieved with the help of the following prescriptions.

Let R be a root system of affine Kac–Moody superalgebra. Forα ∈ R, let ᾱ =
(−1)|α|α − σ(α), where|α| is the degree andσ(α) is the image of the rootα under the
automorphismσ . Let us introduceR− = {ᾱ|ᾱ 6= 0, α ∈ R} andR0 = {α ∈ R|ᾱ = 0}. If
B− (resp.B) denotes the basis ofR− (resp.R) andB0 a basis ofR0 thenB0 = B ∩ R0. If
B− = B\B0 = {αi} andB0 = {βi}, then it can be shown that [3]

−σ(αi) = απ(i) + (−1)|αi |
∑
l

ηilβl (2.1)

whereπ is the involutive permutation of{0, 1, 2, . . . , r}, and (−1)|αi |ηil are non-negative
integers. We should note thatσ(βl) = (−1)|βl |βl andα + σ(α) /∈ R ∀α ∈ R. We can now
associateB with its Satake superdiagrams. In the Dynkin diagram ofB, we denote the rootαi
by the usual white, grey and black dots, and the rootsβl by black dots. We should note that this
black dot is different from the black dot associated with a nondegenerate odd root such as in
B(0, n) for instance. Ifπ(i) = k, then it will be indicated by a double-headed arrow←→. We
avoid blackening of grey dots, to avoid the uniqueness of the Satake diagram being lost. The
involutive automorphisms of these algebras can be determined from their respective Satake
superdiagrams. The classification of such involutive automorphisms has been discussed by
Levestein [15] and Cornwell [16] for affine Kac–Moody algebras. However, we do not go into
these details here, since such a classification is not required for the purposes of our calculation.
As an illustration, we restrict ourselves to the consideration of two examples,A(1)(0, 1) and
B(1)(1, 1), to highlight the salient features of the scheme.

The Iwasawa decomposition of an affine Kac–Moody algebraG˜ is obtained by combining

the Cartan decomposition and the root space decomposition ofG˜. The Cartan decomposition

corresponding toG˜ is given by

G˜ = k ⊕ p (2.2)
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Table 1. Satake superdiagrams and involutive automorphisms ofA(1)(0, 1).

Satake superdiagrams ofA(1)(0, 1) Involutive root automorphisms

(i) −σ(α0) = α0

−σ(α1) = α1

−σ(α2) = α2

α0

α1 α2

(ii) −σ(α0) = α1

−σ(α1) = α0

−σ(α2) = α2

α0

α1 α2

(iii) −σ(α0) = α1 + α2

−σ(α1) = α0 + α2

σ(α2) = α2

α0

α1 α2

wherek˜ is a maximal compact subalgebra ofG˜ defined such thatx ∈ k˜ iff σx = x andp˜ is a

subspace ofG˜ such thatx ∈ p˜ iff σx = −x. Now applying the root space decomposition of

p˜ we obtain

G˜ = k˜⊕ a˜ ⊕ n˜ (2.3)

wherea˜ is a maximal Abelian subalgebra ofp˜ andn˜ is a nilpotent subalgebra ofG˜. The

details of the method for direct determination of the Iwasawa decomposition are elaborated
elsewhere [3,4,17]. The involutive automorphisms required for this purpose can be determined
from the Satake superdiagrams of affine Kac–Moody superalgebras.

3.1. Satake superdiagrams and Iwasawa decomposition ofA(1)(0, 1)

The Cartan matrix ofA(1)(0, 1) is

c =
( 0 −1 1
−1 0 1
1 1 −2

)
.

The three simple roots ofA(1)(0, 1) areα0, α1 andα2, whereα0 = δ− (α1 +α2). The possible
Satake superdiagrams ofA(1)(0, 1) along with their root automorphisms are represented in
table 1.

Let us now consider the involutive automorphism ofA(1)(0, 1) determined by any one of
the Satake superdiagrams, say superdiagram (iii) of table 1. The simple root automorphisms
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are given by

−σ(α0) = α1 + α2

−σ(α1) = α0 + α2

σ(α2) = α2.

(3.1)

In terms of rootsα′s of associated Lie superalgebraA(0, 1) and rootδ these can be rewritten as

−σ(α1) = −α1 + δ

−σ(δ − α1− α2) = α1 + α2

σ(α2) = α2.

(3.2)

The positive roots ofA(1)(0, 1) are given by

1 = {α0, α1, α2,±α1 + nδ,±α2 + nδ,±(α1 + α2) + nδ, nδ, where n ∈ Z+}. (3.3)

We can apply the simple root automorphism to deduce the automorphisms of other roots and
we see that

expα(h) = +1 for α = α0, α1, α1 + nδ, α2 + nα0,−(α1 + α2) + nδ (3.4)

expα(h) = −1 for α = −α1 + nδ,−δ2 + nδ, (α1 + α2) + nδ. (3.5)

ForA(1)(0, 1) k˜ andp˜ are given by

k˜ = {ihα for α = α0, α1, α2 and(eα + e−α), i(eα − e−α) for α given by equation (3.4)} (3.6)

p˜ = {i(eα + e−α), (eα − e−α) for α given by equation (3.5)}. (3.7)

We now select a maximal Abelian subalgebraa˜ in the vector spacep˜. It is clear thata˜ is

one-dimensional and may be chosen to have a basis element

H ′0 = i(eα + e−α) for α = −α2 +mδ,m ∈ Z+. (3.8)

So, we haveRA = {−α2 +mδ} andRM is empty.m˜ is two-dimensional and its basis elements

are given by

H ′1 = −(hα2+(m+n)δ − 2hα1+(m+n)δ)

H ′2 = −h(m+n)δ.
(3.9)

Note thatH ′0,H ′1,H ′2 together with a scaling elementd ′ such thatα0(d
′) = 1 andαi(d ′) = 0,

for i = 1, 2, . . . , l, are the elements of the Cartan subalgebraH ′. The inner automorphism of
A(1)(0, 1) is given by the expression

V = V−α2+nδ = exp[ad{ia−α2+nδ(e−α2+nδ − eα2+nδ)}] (3.10)

where

a−α2+nδ = π

tn[8(α2, α2)]1/2
(3.11)

wheret is a complex variable.
Applying this to the Cartan subalgebraH ′ of A(1)(0, 1), we obtain

H0 = 21/2h−α2+(m+n)δ

H1 = −(hα2+(m+n)δ − 2hα1+(m+n)δ)

H2 = −h(m+n)δ

and

d = V−α2+nδ(d
′). (3.12)
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With respect to this Cartan subalgebra, the set of positive roots is given by

1+ = {α0, α1,−α2, α1± (m + n)δ,−α2 ± (m + n)δ,−(α1 + α2)± (m + n)δ,−(m + n)δ}
(3.13)

where1+
+ and1+

− are given as follows:

1+
− = {−(m + n)δ}

1+
+ = {α0, α1,−α2, α1± (m + n)δ,−α2 ± (m + n)δ,−(α1 + α2)± (m + n)δ}. (3.14)

The elements of̃n˜ are determined by the structureV −1
−α2+nδeα (hereα ∈ 1+

+). These are given

by

V −1
−α2+nδe−α1±(m+n)δ = 1

1 + t2n
(sgnN−α2,α1+α2)eα1+α2+(n±(m+n))δ +

1

1 + t2n
eα1±(m+n)δ

V −1
−α2+nδe−α2±(m+n)δ = − i

21/2
hα2±(m+n)δ − 1

2
(eα2+(n±(m+n))δ − e−α2−(n±(m+n))δ)

V ′−α2+nδe−(α1+α2)±(m+n)δ = 1

1 + t2n
(sgnN−α2,−α1)e−α1+(n±(m+n))δ

+
1

1 + t2n
e−(α1+α2)±(m+n)δ.

(3.15)

Now n˜ can be calculated from̃n˜, and its elements have the following structures:

−1

2
(eα2+(n±(m+n))δ − e−α2+(n±(m+n))δ) +

i

21/2
hα2+(m+n)δ

1

1 + t2n
(eα1+(n±(m+n))δ − e−α1+(n±(m+n))δ) +

1

1 + t2n
(sgnN−α2,α1+α2)

×(eα1+α2+(n±(m+n))δ − e−α1−α2+(n±(m+n))δ)

− 1

1 + t2n
(sgnN−α2,−α1)(eα1+(n±(m+n))δ − e−α1+(n±(m+n))δ)

+
1

1 + t2n
(eα1+α2±(m+n)δ − e−(α1+α2)±(m+n)δ).

(3.16)

The required Iwasawa decomposition is then written as

A(1)(0, 1) = k˜⊕ a˜ ⊕ n˜ (3.17)

wherek˜, a˜ andn˜ are given by equations (3.6), (3.8) and (3.16), respectively.

3.2. Satake superdiagrams and Iwasawa decomposition ofB(1)(1, 1)

The Cartan matrix ofB(1)(1, 1) is

c =
( 4 −2 0
−2 0 1
0 1 −1

)
and the three simple roots ofB(1)(1, 1) areα0, α1 andα2, whereα0 = δ − (2α1 + 2α2). The
possible Satake superdiagrams ofB(1)(1, 1) along with their root automorphisms can be read
from table 2.

As a second example, we consider the involutive automorphism ofB(1)(1, 1) determined
by the Satake superdiagrams, say superdiagram (ii) of table 2. The simple root automorphisms
are similarly given by

−σ(α0) = α0

−σ(α1) = α1 + 2α2

σ(α2) = α2.

(3.18)
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Table 2. Satake superdiagrams and involutive automorphisms ofB(1)(1, 1).

Satake superdiagrams ofB(1)(1, 1) Involutive root automorphisms

(i) σ(α0) = α0

σ(α1) = α1

−σ(α2) = α2

α0 α1 α2

(ii) −σ(α0) = α0

−σ(α1) = α1 + 2α2

σ(α2) = α2

α0 α1 α2

These automorphisms can be written as

−σ(α1) = −α1 + 2α2

−σ(δ − 2α1− 2α2) = δ − 2α1− 2α2

σ(α2) = α2.

(3.19)

The positive roots ofB(1)(1, 1) are

1 = {α0, α1, α2,±α1 + nδ,±α2 + nδ,±(α1 + α2) + nδ,

±(α1 + 2α2) + nδ,±(2α1 + 2α2) + nδ, nδ, wheren ∈ Z+}. (3.20)

We can apply the simple root automorphisms to find the automorphisms of other roots such
that

expα(h) = +1 for α = α2, α2 + nδ,±(α1 + 2α2) + nδ (3.21)

expα(h) = −1 for α = α0, α1,±α1 + nδ,−α2 + nδ,±(α1 + α2) + nδ,

± (2α1 + 2α2) + nδ, nδ. (3.22)

ForB(1)(1, 1) k˜ andp˜ are given by

k˜ = {ihα for α = α0, α1, α2 and(eα + e−α), i(eα − e−α) for α given by equation (3.21)}
(3.23)

p˜ = {i(eα + e−α), (eα − e−α) for α given by equation (3.22)}. (3.24)

Now a˜ is one-dimensional and its basis element is chosen to be

H ′0 = i(eα + e−α) for α = α1 + α2. (3.25)

HereRA = {α1 + α2} andRM is again empty.m˜ is two-dimensional and its basis elements
have the form

H ′1 = hα2

H ′2 = −hδ.
(3.26)

The elementsH ′0, H ′1 andH ′2 together with a scaling elementd ′ form the Cartan subalgebra
h˜′. Defining the inner automorphism asVα1+α2 and applying this to the Cartan subalgebrah˜′,we obtain

H0 = −21/2hα1+α2

H1 = hα2

H2 = −hδ
d = Vα2+α2(d

′).

(3.27)
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With respect to this Cartan subalgebra, the positive roots ofB(1)(1, 1) are given by

1 = {−α0, α1,−α2, α1± nδ,−α2 ± nδ, (α1 + α2)± nδ,
(α1 + 2α2)± nδ, (2α1 + 2α2)± nδ,−nδ}. (3.28)

The1+
− and1+

+ are then written as

1+
− = {−α2,−α2 ± nδ,−nδ} (3.29)

1+
+ = {−α0, α1, α1± nδ, (α1 + α2)± nδ, (α1 + 2α2)± nδ, (2α1 + 2α2)± nδ}. (3.30)

The elements of̃n˜ are determined by the structuresV −1
α1+α2

eα, whereα ∈ 1+
+. These are given

by

V −1
α1+α2

eα1±nδ =
1

2
eα1 −

i

2
(sgnNα1+α2,−α2)e−α2

V −1
α1+α2

eα1±nδ = 1
2eα1±nδ − 1

2(sgnNα1+α2,−α2)e−α2±nδ

V −1
α1+α2

e(α1+α2)±nδ =
1

2
(e(α1+α2)±nδ − e−(α1+α2)±nδ)−

i

21/2
h(α1+α2)±nδ

V −1
α1+α2

e(α1+2α2)±nδ =
−i

2
(sgnNα1+α2,α2)eα2±nδ +

1

2
e(α1+2α2) ± nδ

V −1
α1+α2

e(2α1+2α2)±nδ = −
i

2
sgn(Nα1+α2,α1+α2)e(α1+α2)±nδ +

1

2
e(2α1+2α2)±nδ.

(3.31)

The elements ofn˜ can be obtained from̃n˜ which are given by the following expressions:

1

2
(e(α1+α2)±nδ − e−(α1+α2)±nδ)−

i

21/2
h(α1+α2)±nδ

1

2
(eα1 − e−α1) +

i

2
(sgnNα1+α2,α2)(eα2 − e−α2)

1

2
(eα1±nδ − e−α1±nδ) +

i

2
(sgnNα1+α2,−α2)(eα2±nδ − e−α2±nδ)

1

2
(e(α1+2α2)±nδ − e−(α1+2α2)±nδ −

i

2
(sgnNα1+α2,α2)(eα2±nδ − e−α2±nδ)

1

2
(e(2α1+2α2)±nδ − e−(2α1+2α2)±nδ)−

i

2
(sgnNα1+α2,α1+α2)(e(α1+α2)±nδ − e−(α1+α2)±nδ).

(3.32)

The required Iwasawa decomposition is now

B(1)(1, 1) = k˜⊕ a˜ ⊕ n˜ (3.33)

wherek˜, a˜ andn˜ are given by relations (3.23), (3.25) and (3.32), respectively.

4. Discussion

A critical examination of the conclusions arrived at above seems to be in order. It has
been demonstrated how the technique of Satake diagrams has proved useful in analysing
the various important aspects of the algebraic structures, including their supersymmetric
extensions. The Iwasawa decomposition of the affine Kac–Moody superalgebras immediately
leads to the Langlands decomposition of these algebras, thereby facilitating the determination
of the parabolic subalgebras that are necessary for obtaining the corresponding induced
representations with the help of Schmidt construction. However, we note in passing that
in general there are 2|m1| classes of parabolic subalgebras, with|m1| as the dimension ofa˜. For
the two illustrative examplesA(1)(0, 1) andB(1)(1, 1) considered here, we have|m1| = 1 and
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there will, therefore, be at most two parabolic subalgebras, one being the minimal parabolic and
the other the algebra itself. For the sake of generality, it would be quite interesting to determine
the parabolic subalgebras in cases where|m1| > 1. Such studies for the affine Kac–Moody
superalgebras are currently in progress and will be reported in a subsequent communication.
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Appendix

The general formulation of inner automorphism appropriate for the case of Kac–Moody
algebras along with their supersymmetric extensions is defined as

V = V±α+nδ = exp{ad[ia±α+nδ(e±α+nδ − e∓α+nδ)]} (A.1)

where

a±α+nδ = π

tn(8(α, α))1/2
. (A.2)

Using the formula

[exp(adA)]B = B + [A,B] +
1

2!
[A, [A,B]] + · · ·

and equation (A.1) we see that
V±α+nδ[i (eα+mδ − e−α+mδ)] = i(eα+mδ − e−α+mδ)

V±α+nδ(eα+mδ − e−α+mδ) = ±i

(
2

(α, α)

)1/2

hα+(m+n)δ

V±α+nδ(ihα+mδ) = −
(
(α, α)

2

)1/2

(eα+(m+n)δ − e−α+(m+n)δ).

(A.3)

From these expressions we find

V −1
±α+nδeα±(m+n)δ = 1

2
(eα±(m+n)δ − e−α±(m+n)δ)∓ i

2

(
2

(α, α)

)1/2

hα±mδ (A.4)

V −1
±α+nδe−α±(m+n)δ = ∓ i

2

(
2

(α, α)

)1/2

hα±mδ − 1

2
(eα±(m+n)δ − e−α±(m+n)δ). (A.5)

For anyγ which is not an ‘α’ string root, we have

V −1
±α+nδeγ±mδ = eγ±mδ. (A.6)

We now consider the case when the ‘α’ string containingγ has two members andγ as the first
member of the string. Then we have

V −1
±α+nδeγ±mδ =

(
1

1 + t2n

)
eγ±nδ ∓

(
1

1 + t2n

)
(sgnNα,γ )eγ+α±(m+n)δ (A.7)

and whenγ is the second member of the string, the resulting expression is

V −1
±α+nδeγ±mδ = ∓

(
1

1 + t2n

)
(sgnNα,γ−α)eγ−α±(m+n)δ +

(
1

1 + t2n

)
eγ±mδ. (A.8)

In arriving at these relations we have been guided by the work of Cornwell [17], coupled with
the fact that the structure constants of affine Kac–Moody algebras depend only on the structure
constants of the associated Lie algebras. That is to say,

Nα+mδ,β+nδ = Nα,β. (A.9)

In a similar fashion, we can derive the structureV −1
α eγ for all other cases.
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